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Abstract. We describe a reduction process for symplectic principal R-bundlcs 
in the presence of a momentum map. This type of structures plays an impor- 
tant role in the geometric formulation of non- autonomous Hamiltonian sys- 
tems. We apply this procedure to the standard symplectic principal R-bundle 
associated with a fibration n : M — > R. Moreover, we show a reduction process 
for non-autonomous Hamiltonian systems on symplectic principal R-bundlcs. 
We apply these reduction processes to several examples. 
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1. Introduction 

It is well-known that the configuration space for a non-autonomous mechanical 
system is a smooth manifold which is fibcred on the real line. So, we have a fibration 
7T : M — > R, with respect to which the restricted phase space of momenta is the 
dual bundle V*ir of the vertical bundle Vtt of it and the extended phase space of 
momenta is the cotangent bundle T*M of M. 

In the presence of a Hamiltonian section (that is, a section of the canonical 
projection fj, n : T*M — > V*tt) and using the canonical symplectic structure of 
T*M (respectively, a suitable cosymplectic structure on V*ir) one may develop the 
extended (respectively, the restricted) Hamiltonian formalism (see Section [2] and 

unmans]). 

We remark that \i v : T*M — > V*tt is a principal M-bundle (an AV-bundle in the 
terminology of [10H. In addition, the principal action is symplectic and, thus, we 
have a symplectic principal R-bundle. A non-autonomous Hamiltonian system is a 
symplectic principal M-bundle fj, : A — )• V and a Hamiltonian section h : V — > A, 
that is, a section of the principal R-bundle projection /i. The Hamiltonian section h 
induces a vector field on V whose integral curves are the solutions of the dynamical 
equations for the Hamiltonian system (see Section 1^1]) . In the particular case when 
fi : A — > V is a standard symplectic principal R-bundle (that is, [i = for some 
fibration 7r : M — > R), we obtain the classical Hamilton equations. Moreover, all 
the tools used in the standard theory in geometric non-autonomous mechanics, as 
Lagrangian and Hamiltonian formalisms or variational formulation, appear in the 
framework of the AV-bundles (see [TUJ QU QJ E3] ) . 

On the other hand, in the context of autonomous mechanical systems, the phase 
space is represented by a symplectic manifold. A classical procedure, due to Mars- 
den and Wcinstein (|24|). called symplectic reduction, allows to use symmetry pro- 
perties of a symplectic manifold in order to reduce the degrees of freedom of the 
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system. Moreover, if an invariant Hamiltonian function is given on the unreduced 
symplectic manifold, one may obtain a Hamiltonian system on the reduced sym- 
plectic manifold. 

Reduction theory may be also applied, for example, in order to obtain the sym- 
plectic structure on the coadjoint orbit of a Lie group G (see pQ). In the particular 
case when the unreduced symplectic manifold is the cotangent bundle of a manifold 
endowed with its canonical symplectic structure, a natural question arises: is the 
reduced symplectic manifold a standard symplectic manifold (that is, a cotangent 
bundle endowed with its canonical symplectic structure)? An answer to this ques- 
tion is given by the so-called cotangent bundle reduction theory (see |17M2H[2"2"ll26j ). 

Although reduction theory goes back to the early roots of mechanics, it allows to 
obtain many results about other geometric structures. Indeed, a similar idea may 
be used in order to reduce not only Poisson structures ([23]), but also cosymplectic, 
Kafiler, hypcrkahler, contact, /-structures, etc. and to obtain new examples of such 
a kind of manifolds ( [1 E EE 01 US ) ■ 

The aim of this paper is to perform the reduction process in the framework of 
symplectic principal R-bundlcs. We introduce the notion of symmetry of a symplec- 
tic principal R-bundle and show that, under suitable regularity conditions, one may 
obtain a reduced symplectic principal R-bundle. We apply this reduction process 
to the standard symplectic principal R-bundle associated with a fibration. Finally, 
we prove that a non-autonomous Hamiltonian system with equivariant Hamiltonian 
section induces a non-autonomous Hamiltonian system on the reduced symplectic 
principal R-bundle. 

The paper is structured as follows. In Section 2, we recall some basic facts 
about non-autonomous Hamiltonian systems which motivate the study of symplec- 
tic AV-differential geometry. In Section 3 we introduce the category of symplectic 
principal R-bundles and prove that the base manifold V of a symplectic principal 
R-bundle is canonically equipped with a Poisson structure. Moreover, we will relate 
the induced Poisson structures on the corresponding base spaces of an embedding 
of symplectic principal R-bundles. In order to introduce a reduction process for 
symplectic principal R-bundles, in Section 4, we define the notion of a canonical 
action on a principal R-bundle and prove the reduction theorem in the symplectic 
principal R-bundle framework. As an example, in the last part of this section, we 
discuss the reduction of a standard symplectic principal R-bundle /i^ : T*M —> V*ir 
associated with a fibration n : M — > R which is invariant with respect to a free and 
proper action of a Lie group G on M. In Section 5, we develop the reduction of a 
non-autonomous Hamiltonian system on a symplectic principal R-bundlc. For this 
purpose, we use symplectic and cosymplectic reduction theory. In Sections 4 and 5 
we apply the reduction processes to the case of the bidimcnsional time-dependent 
damped harmonic oscillator and the time-dependent heavy top. Finally, in Section 
[6j we show how apply these reductions to the frame-independent formulation of the 
analytical mechanics in the Newtonian space-time. 

The paper ends with our conclusions, a description of future research directions 
and an Appendix in which we review some reduction processes for Poisson, sym- 
plectic and cosymplectic manifolds. 



2. A MOTIVATION: NON-AUTONOMOUS HAMILTONIAN SYSTEMS 

It is well-known that if a manifold Q is the configuration space of an autonomous 
Hamiltonian system, then T*Q is the phase space of momenta. Moreover, using the 
canonical symplectic structure of T*Q, one may describe the Hamilton equations 
in an intrinsic form (see, for instance, [T]). 
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For non-autonomous Hamiltonian systems the situation is different (see, for in- 
stance, [TU1 [Xni [TSJ ) . Namely, the configuration space is a manifold M fibered over 
the real line. So, we have a surjective submersion tt : M — > R. We will denote by 
Vtt the vertical bundle of tt which is a vector bundle over M. Then, the restricted 
(respectively, extended) phase space of momenta is the dual bundle V*tt of Vtt 
(respectively, the cotangent bundle T*M of M). 

We remark that T*M is a principal R-bundle over V*tt and the dual map fj, n : 
T*M — > V*tt of the inclusion i : Vtt — > TM is the principal bundle projection. The 
corresponding principal action ip n : 1 x T'M -> T*M is defined by 

ijj n (s,a x ) = a x + STT*(dt)(x), for s(EK and a x 6 T*M, 

where t is the usual coordinate on R. Note that the principal action ip n is symplec- 
tic with respect to the symplectic structure on T*M. Moreover, the infinitesimal 
generator of ipn is the Hamiltonian vector field 

V = U-^ M G X(T*M) 

of the real function on T*M given by -ttott m ; T*M -> R, where tt m ■ T*M -> AI 
is the canonical projection. One proves easily that 

(2.1) / e C°°(T*M) is MTr-projectable if and only if Z^{f) = 0. 

On the other hand, the extended phase of momenta T*M admits a linear Pois- 
son structure {■, -} T « M induced by the canonical symplectic 2-form on T*M. 
Moreover, using (|2.1|) and the Jacobi identity of {•, -}t»m, one deduces that the 
subset ^1{C°°(V*it)) of C°°(T*M) is closed with respect to {•, ■} T , M . Therefore, 
there is a unique Poisson structure {•, -}\/*7r 011 ^* 7r sucn that (see |28j ) 

(2.2) {fofx 7Z ,hofx w } T , M = {f,h} v , n o f x w , f,h€C°°(V*Tc). 

Notice that {•, -} v »^ is also linear and \i v : T*M — > V*ir is, by construction, a 
Poisson epimorphism. 

In this setting, a Hamiltonian section is a section h : V*tt — > T*M of fj, w . Using 
the Hamiltonian section one may define a cosymplectic structure (uih, rj) on V*n as 
follows 

(2.3) u>h = h*(Sl M ), r) = Tr v , n (Tr*{dt)) 

with ttv-k '■ V*tt — > M the corresponding projection (for the definition of a cosym- 
plectic structure, see Appendix EJ. In fact, the 1-form n given by (|2.3|) is just 
r/ = —h*(iz £lM) an d uJh is well known Poincare-Cartan 2-form. 

On the other hand, since fi n ((h o fi n )(a x )) — ^Ti{a x ), there exists a unique 
■Ffc(Q!x) S R such that 

i>n{-Fh{a x ),a x ) = h(p^(a x )). 

The extended Hamiltonian function associated with the Hamiltonian section h is 
just the real C°°-function F h : T*M -> R and (T*M,fl,F h ) is the so-called ho- 
mogeneous Hamiltonian system. It's easy to prove that the Hamiltonian vector 
field Hf h of Fh is /i,r-projectable on the Reeb vector field Rh of the cosymplectic 
structure (ujh, ??)■ 

In what follows, we will give the local expressions of these elements. Firstly, 
from the fact that tt : M — >• R is a submersion, one may consider local coordinates 
(t, q 1 ) on M adapted to the submersion tt such that 7T : M — > R is the coordinate t. 
Denote by (t,p,q l ,pi) (respect. (t,q l ,pi)) the corresponding local coordinates on 
T*M (respect, on V*ir). With respect to them, we have that 

{t,<f} V ^ = {t,Pi} V ' v = v.* = {Pi,Pj} V *n = °. W>Pi}v* = S j> 
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and 

ip w (s, (t,p,q\p l )) = (t,s+p,q\pi), fa(t,p,q % ,Pi) = (*,<?*, Pi). 
If the local expression of a Hamiltonian section h : V*it —> T*M is given by 

h{t,q\p t ) = (t,-H(t,q,p),q i ,p i ), 

then, 

F h {t,p,q\pi) =p + H(t,q i ,p i ) 

and 

dH dH 
u>h = dq 1 A dpi + -^-dq l A dt + - — dpi A dt, r\ = dt. 

dq 1 dpi 

Thus, the Reeb vector field TZh of the cosymplectic structure (uih, v) an d the Hamil- 
tonian vector field H.F h have the following local expressions 

n _ d + dH d dH d % - 9 9H 9 + 9H 9 9H 9 
dt dpi dq 1 dq 1 dpi ' h dt dt dp dpi dq i dq l dpi ' 

We remark that the integral curves of IZh are just the Hamilton equations for h, 

dq 1 dH dp, dH r „ 
— — = — — , — — = — -r— , for all i. 

dt dpi dt dq 1 

3. The category of symplectic principal R-bundles 

Motivated by the example of the above section, one may introduce the notion of 
a symplectic principal R-bundlc as follows. 

Let [i : A — > V be a principal R-bundlc (a AV-bundle in the terminology [10)). 
We will denote by 

ip : R x A -> A, (s,a) H- ip s (a), 
the corresponding principal action of the Lie group (R, +) on the manifold A. 

In this case the vertical distribution of \x has dimension 1 and it is generated by 
the infinitesimal generator £ X(A) whose flow is ip s . 

Definition 3.1. We will say that [i : (A, 0) — > V is a symplectic principal R-bundle, 
if fi : A —> V is a principal R-bundle and £1 is a symplectic structure on A such 
that the associated principal action i/j : R x A — > A is symplectic. 

Note that the infinitesimal generator of a symplectic principal R-bundlc \i : 
(A, 0) —> V is a locally Hamiltonian vector field. 

Example 3.2. The standard symplectic principal W-bundle associated with a fibra- 
tion. If 7r : M — » R is a surjective submersion then T*M is the total space of a 
symplectic principal R-bundle over V*ir (see Section (2). o 

Example 3.3. The standard symplectic principal W-bundle associated with a fibra- 
tion and a magnetic term. Let 7r : M — > R be a surjective submersion with total 
space a manifold M of dimension n + 1 and f3 a closed 2-form on M. Consider the 
closed basic 2-form (the magnetic term) B = ir* M f3 on T*M, where ttm ■ T*M — > M 
is the canonical projection. An easy computation shows that B is invariant with 
respect to the R-principal action of the standard symplectic principal R-bundlc 
fj, w : T*M V*ir. Thus, if CIm is the canonical symplectic form on T*M, 
H n : (T*M,$Im — £?)—>• V*n is a symplectic principal R-bundlc. 

o 

Now, we will prove a version of Darboux Theorem for a symplectic principal 
R-bundlc. 

Theorem 3.4. Let (i : (A, Q) — > V be a symplectic principal M.-bundle with infini- 
tesimal generator Z^. Suppose that dim A = 2n + 2. Then, for any a € A, there 
exist local coordinates (t,p,q l ,pi), (i = 1, . . . , n) in a neighborhood U of a such that 
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i) the local expression of \i : A —> V is 

(3.1) V>{t,P,<f,Pi) = (t,q\Pi), 

ii) (t,p,q',Pi) are Darboux coordinates for fl. 

Moreover, the local expression of the infinitesimal generator is Z^ = . 

Proof. The proof is based on the well-known construction of the Darboux coordi- 
nates (see, for instance, [H [18]). Fix a <G A. Since the vector field is locally 
Hamiltonian, there exists a local function t such that Z^ = —Tit- Choose a function 
p (eventually defined on a smaller open neighborhood of a) such that Z fl (p) = 1. 
Using the generalized Darboux Theorem on the closed 2-form SI' = SI — dt A dp of 
rank 2n, one may complete t,p to a coordinate system (t,p, q l ,p,-) such that 

SI = dt A dp + V] dq i A dp*. 

It follows that = — Ht = ■§-■ Since [i is the projection of A on A/(Z fl ), the local 
expression of is as in (|3.1|) . □ 

We will say that (t,p,q l ,pi) in the previous theorem are canonical coordinates 
for the symplcctic principal R-bundle p>. 

If /x : (A, f2) — » V is a symplectic principal M-bundle, then, using a well-known 
result on Poisson reduction (see for instance [2S], Theorem 10.1.1) we have that the 
base manifold V may be canonically equipped with a Poisson structure as we show 
in the following result. 

Proposition 3.5. Let fi : (A, CI) — >• V be a symplectic principal M-bundle. Then, 
there exists a unique Poisson structure {■, -} v on V such that \i is a Poisson map, 
i.e. 

(3.2) {/o/i ) /'o M } A = {/,/'} y o Mj for any fj> eC°°(V), 

where {•, -} A is the Poisson bracket on A induced by the symplectic form CI. 

Note that for canonical coordinates of /i, if (t, q % ,pi) are the induced coordinates 
on V, the corresponding local expression of the Poisson bracket on V with respect 
to these coordinates is the following one: 

{t,q l } v = {t,p t } v = {q\q 3 } v = {Pi,Pj} v = 0, {q\Pj} v = S). 

Example 3.6. In the particular case when we have an standard symplectic prin- 
cipal R-bundlc p w : (T*M, CI m) — > V*ir associated with a fibration tt : M — > R, the 
Poisson structure is just the one described in (|2.2[) . 

Additionaly, we suppose that we have a closed 2-form (3 on M. Denote by 
B = -n* M {(i) 6 Cl l {T*M), where -k m '■ T*M -» M is the canonical projection, and 
by 

• At* m and A;p„ M the Poisson structures on T*M induced by the symplcctic 
2-form VLm and CIm — B, respectively; 

• Kvtt and A^,^ the Poisson structures on V*ir induced on the base space 
of the symplectic principal R-bundlcs /i w : (T*M,CIm) — > V*ir and n„ : 
(T*M, Ct M - B) -> V*ir, respectively. 

If {•, -} T * M and {•, -}t*m are the Poisson brackets on T*M induced by the sym- 
plectic forms CIm an d CIm — B, respectively, then, one may easily prove that 

(3.3) {F, F'}** M = {F, F'} T , M + B(H F , H F >), 

for any F,F' £ C°°(T*M), where Uf,U F ' £ X(T*M) are the Hamiltonian vector 
fields of F, F 1 with respect to the symplectic structure CIm (see [2Tj). 
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Alternatively, (|3.3p may be written in terms of vertical lift of j3. We recall that, 
for a vector bundle r : E — > Q, the vertical lift 7^ of a section 7 of A P .E — > Q is a 
p-vector on E 1 . In fact, if (q l ) are local coordinates on an open subset U of Q, {e a } 
is a local basis of T(E) and 7 = 7 n " lp e ?1 A • • • A e !p on [/ then 

7 « = A ■ • ■ a 



where (q l ,y a ) are the corresponding local coordinates on E. Then, Q3.3P may be 
rewritten as 

(3.4) {F,F'}*, M = {F,F'} T , M + ndF,dF'). 

Indeed, it is sufficient to prove that if F and F' are linear or basic functions on 
T*M then /3 v (dF,dF') = B(H F ,H F >)- 

Therefore, from (|3.4[) . we deduce that the Poisson structures A|?„ A/ and At* at 
are related as follows 

(3.5) Af, M = A T . M + /T. 

On the other hand, we consider the section j3 of the vector bundle A 2 V*ir — >• M 
defined by 

P( x ) = P( x )\V**xV x n: for any X G AT. 

If {•, -}y, n and {•, -}v*7r denote the Poisson brackets on V*ir induced by Ay,^ and 
Ay respectively, from (|3.4p and Proposition [XU we have that 

(3.6) {/, o fj, n = {/, o ^ + FinX&f), <(d/')), 

for /, /' e C°°(y*7r). 

Moreover, one may easily prove that 

/?" « (d/) , M ; (d/' ) ) = ^ (d /, a/') o Mff . 

Thus, 

(3.7) A^ = A V ^+^. 

In the last part of this section we will study morphisms in the category of sym- 
plectic principal M-bundles. 

Let (i : A — > V and \x' : A! V' be two principal K-bundles with principal 
actions ip and ip', respectively. Suppose that the function ip : A — > A' is a principal 
M-bundle morphism, that is, ip is equivariant with respect to the principal actions, 
i.e. 

(3.8) ip o ip s = ij/ s o ip 1 for any s£M. 

From (|3.8[) . one deduces that the infinitesimal generators and Z^i of fi : 
A — > V and \i' : A' — > V respectively, are ^-related. Moreover, by passing to the 
quotient and using Q3.8p . one may define a map ip v : V — > V characterized by the 
following relation 

(3.9) fx' o tp = ip v o fji. 

Note that, since /1 is a submersion, then ip v is smooth. The following diagram 
illustrates the situation 




Now, suppose that ip is a principal R-bundle embedding. Then, ip v is also an em- 
bedding. In fact, using (|3.8p . (|3.9p and the fact that fj,otp s = fj,, for all s, we deduce 
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that if is an injective immersion. Moreover, standard topological arguments show 
that the map if V : V — > ip v (V) is an homeomorphism. 

On the other hand, if if : A — > A' is a diffeomorphism, then ip v also is a 
diffeomorphism. Indeed, 

<!P v r x = c^T- 

Definition 3.7. Let /i : (A, 0) — > V and p! : (A' , 0') — > 1/' be symplectic principal 
R-bundlcs. A smooth function if : A — > A' is said to be a symplectic principal 
R-bundle morphism if ip is a principal R-bundle morphism such that f*fl' = O. 

If we change the word "morphism" by "embedding" (resp., "isomorphism") in 
the previous definition, we obtain the notion of a symplectic principal M.-bundle 
embedding (resp., a symplectic principal R-bundle isomorphism). In what follows, 
we related the Poisson structures induced on a symplectic principal R-bundle em- 
bedding 

Firstly, we remark that in general, if if : (A, ft) — > (A 1 , ft) is a symplectic mor- 
phism, if is not a Poisson morphism with respect to the corresponding Poisson 
structures Aa and Aa> (see, for instance, [26])- In fact, if if : (A, fl) — > (A',£l) is 
a symplectic embedding, then one may give a relation between the corresponding 
Poisson structures A a and Aa> on A and A' , respectively. Under the identification 
of the tangent space T a A at a £ A with T a if(T a A), we have 

(3.10) T; (a) A' = (T a A)° © {(T a Af)° - (T a A)° © (# A ^, (T a A)°)° 

where (T a A) denotes the symplectic orthogonal space of T a ip(T a A) = T a A with 
respect to the symplectic form ^' v ( a \ on T V ^A' and W° denotes the annihilator of 
a subspace W C T v{a) A' in T* [a) A'. 

Denote by P a : T* {a) A' -»• {{T a A) n ' )° and Q a : T* {a) A' (T a A)° the corre- 
sponding projectors associated with the splitting (|3.I0j) . Note that if a € (T a A)°, 
then (T*if)(a) = and P a (ot) = 0. Using these facts, we deduce that the Poisson 
structures A^ and Aa> are related as follows 

(3.11) A A (a)(ip*(a[),(f*(a' 2 )) = A A ,(<p(a))(o^,o^) - A A >(f(a))(Q a (a[),Q a (a' 2 )) 

for all a' l ,a l 2 £T* {a) A > . 

Now, let if : A — »• A 1 be an embedding of the principal R-bundlcs fi : (A, fl) — > V 
and fi' : (A 1 , ft') — > V' and let if V : V — > V be the corresponding embedding 
between the base spaces V and V . Using (|3.9[) . (|3.10[) and the fact that the 
infinitesimal generators and Z^i are (/^-related, one may obtain that 

V(#' = T vV © T v(a)M '((T a A) n '). 

Moreover, from (|3.9[) and since dim(T„F)° = dim(T a ^4)°, it follows that 

(T a A)° = T; (a) f,((T v V)°), 

(T V V)° being the annihilator of T V V in T v vr v \V' . Therefore, from the fact that [i! 
is a Poisson map, we deduce that 

T v{a) v'((T a Af) =T <p(a) »'(U A ,((T a A)°)) = h v ,(T v V)° 

where Ay is the Poisson structure on V induced by the symplectic principal R- 
bundlc p! : (A' , f2') — > V . So, we may again consider the splittings 

t; V{v) v = (T v vy®(u v ,(nvyy 

and the first projector q v : T* V(v) V — » (T„l/)°. 

Now, from flH2]), ([3U) and ([531]) and the relation Q a o T*^' = T*, a) fi' o g„, 
we obtain 
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Proposition 3.8. Let ip : A — > A' be an embedding of the symplectic principal 
R-bundles fx : (A, fi) ->■ V and fx' : (A',W) -> V"' and Zet V3 y : V -> V"' &e tfie 
corresponding embedding between the base spaces V and V' . Then, the Poisson 
structures Ay and Ay induced on V and V' respectively, by fi and fx, , are related 
by 

with v £ V and ct^ct^ £ T* v ^V'. If (p : A —> A' is an isomorphism of principal 
^-bundles, then ip v : V — > V' is a Poisson isomorphism. 

4. Reduction of symplectic principal R-bundles 

In this section we describe the reduction process of a symplectic principal R- 
bundle in the presence of a momentum map. 

4.1. Canonical actions and momentum maps. In this subsection, we consider 
a special type of actions which are compatible with the symplectic principal R- 
bundle in a certain sense. 

Definition 4.1. We say that an action <fi : G x A A is & canonical action on the 
symplectic principal R-bundle li : (A, ft) — >• V with principal action ijj : R x A — >• A, 
if the following conditions hold: 
i) (fi is a symplectic action, 
ii) the actions ifi and (fi commute, that is 

(4.1) <fi g o ip s = tp s o (j) g , for any g £ G, s £ R, 

Hi) the 1-form = izj^ is basic with respect to (fi, i.e. (^(d) = f° r an y 
^ eg, where £a is the infinitesimal generator of (fi defined by £. 

We will see that, for a canonical action on fi with momentum map, one may 
induce canonically a Poisson action with a momentum map on V (for the definition 
of a momentum map associated with the Poisson action, see Appendix [2J. In fact, 
let £ be an element of the Lie algebra g. Using that £ M is basic, it follows that 

(4.2) = * eA n(z„) = -^(60 = o. 

Therefore, the function : A — > R is constant on the fibers of fi and thus, 

(4.3) J o t/) s = J, for any s. 

Using this fact and (|4.1[) . we may define the action <fi v : G x V — > V of G on V 
and the map J v : V — > g* characterized by 

(4.4) (fi v g o fj, = fio(f) g , foranygeG, 

(4.5) J v o fx = J. 

Note that, by construction, fi is equivariant with respect to the actions (fi and <fi v . 
So, fi transforms the infinitesimal generator £4 £ X(A) of £ £ g with respect to the 
action into the infinitesimal generator £y £ X(V) of £ with respect to the action 
ifi v , that is, 

(4.6) T af x(U(a)) = £vO( a ))> for an Y a G A 
Moreover, we have 

Proposition 4.2. If <fi : G x A A is a canonical action equipped with a momen- 
tum map J : A — > g*, then: 

i) <fi v : G x V — > V is a Poisson action; 

ii) J v : V — > g* is a momentum map associated with <fi v and, if J is Ad*- 
equivariant, then so is J . 
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Proof. For any g e G, (j)g : V — > V is just the map induced by the symplectic 
principal R-bundle isomorphism (f> g : A — > A. Thus, using Proposition 13.81 it 
follows that </>J is a Poisson map. 

Now, we prove that J v is a momentum map, that is, £v = TLjv , for any £ € g. 
In fact, for any / G C°°(l/) and a e A, one has, from ([3T2"]) . (|4~5l) and ([4lj]l. that 

(M/)) (Ma)) = &(<*)(/ o M ) = H J( (a)(f o M ) = {/ o M , o fi} A (a) 
= {/.^}vW«))=^(/))0«(a)). 
Since a is an arbitrary element of A and /i is surjective, we obtain that £y = T~L jv ■ 
If J is Ad*-equivariant (see Appendix then for any v = (i(a) S V and for 
any g e G 

Ad^J^)) = Ad^x(J(o)) = Jfa,(o)) = J v (^(v)). 

Thus, J v is Ad *-equi variant. □ 

4.2. The reduction process of symplectic principal R-bundles. In this sub- 
section, we will use the results of Appendix [A] to reduce a symplectic principal 
R-bundle equipped with a canonical action and an Ad*-equivariant momentum 
map. 

Suppose that /i : (A, ft) — > V is a symplectic principal R-bundle equipped with 
a canonical action (i:Gx4^Aofa Lie group G with an Ad* -equi variant 
momentum map J : A — > g* . One may induce a Poisson action (j> v : G x V — > V 
on V with an Ad*-equivariant momentum map J v : V — > g* . Assume that <j> is 
free and proper. Then, so is <f>. 

If is E g* , from Marsden-Weinstein reduction Theorem (resp., Poisson reduc- 
tion Theorem), we may induce a reduced symplectic structure (resp., a re- 
duced Poisson bracket {•,•}„) on the quotient space A v = J~ 1 (v)/G l/ (resp., 
V v = (J v )~ 1 (v)/Gv). Let's prove that A v and V v are the total space and the 
base manifold, respectively, of a reduced principal R-bundle fx v : A v — >• V v . 

The map \x v : A u — > V v is defined as follows. Using (|4.5[) . it follows that the 
restriction /i : J _1 (^) — > (J v )~~ 1 {v) of fx to the closed submanifold J _1 (^) is a 
surjective submersion. Moreover, we have that the actions (j> '■ G v x J _1 (i^) — > 
J- X {v) and 4> v : G v x (J^)" 1 ^) -> (J 17 )" 1 ^) of the isotropy group G v on J _1 (i/) 
and (J 1/ ) _1 (i^) respectively, are free and proper and /x is equivariant with respect 
to them. Denote by 

fx v : A v = J-\v)jG v -tV u = {J v )-\is)/G v 

the induced map on the quotient spaces which is characterized by 

(4.7) (l v O 7T„ = 7T^ O fj,, 

where ir v : J _1 (i/) — > A v and -k^ : ( J l/ ) _1 (i/) — > V v are the corresponding canonical 
projections. Note that /i„ is a surjective submersion. 

Moreover, using (|4.1[) and (|4.3|) . we have that the principal action : M. x A ^ A 
restricts to an action of R on J -1 (z/). So, it defines an action of 1 on 4, ip v : 
R x A v — > A„ characterized by 

(4.8) (Vv),,' O 7T„ = 7T„ o 

In addition, we may prove the following result. 

Theorem 4.3. Let /i : (A, 0) — > V be a symplectic principal R-bundle equipped 
with a canonical action <j) : G x A — > A and an Ad* -equivariant momentum map 
J : A — > g* . Suppose that the induced action <f) V : G x V — > V is free and 
proper. Then, for any v 6 g* , [i v : {A V ,Q, V ) — > Y v is a symplectic principal R- 
bundle with principal action defined by (|4. 8[) . where Q„ is the reduced symplectic 
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structure on the reduced space A v = J~^(y)/G v . Moreover, the restriction of the 
infinitesimal generator of /J to J~ 1 (v) is tangent to J~ l {v) and it v -protectable. 
Its 7r„ -projection is the infinitesimal generator of fi u . 

Proof. First of all, we will see that ip v is a free action. Indeed, suppose that 
(Vv)s(flv(o)) = 7r^(a), for a £ J^fV). Then, from (|4. 1[) and (|4.8[) . we deduce that 
there exists g 6 G v such that 

(4.9) a = ip s {4> g {a)). 

This implies that 

/i(a) = /j,(ip s (<f> g (a))) = /x(0 4 (a)) 

and, using (|4.4|) . it follows that </>^(/z(a)) = /x(a). Thus, since y is a free action, 
we obtain that g = e. Therefore, from (|4.9[) . we conclude that s = 0. 

Next, we will prove that the fibers of \x v are just the orbits of the action of M on 
A„ = J~ l (v)/G v . In other words, we will see that 

Wv)7r„(a)W = (jM _1 (MM a )))i for a <E J -1 ^). 

In fact, a straightforward computation, using (|4.4[) . (|4.7[) and (|4.8[l . proves the 
result. Consequently, : A v — > V u is a principal K-bundlc. 

Now, as we know, the action ^ : MxA^i restricts to an action of M on J _1 (^). 
This implies that the restriction to J _1 (z^) of the infinitesimal generator Z^ of ^ is 
tangent to J~ x (v) and Z^j-x,^ is just the infinitesimal generator of the action of 
R on J~ x {y). 

In addition, since the projection 7r„ is equivariant, we obtain that Z fJi ^ J _ 1 ^ is 
7Ti,-projectable and its projection is the infinitesimal generator Z^ v of fi u . 

Finally, we prove that Z^ is a locally Hamiltonian vector field. We will show 
that the flow (ip v ) s ■ A v — > A v of preserves the symplectic form In fact, 
using (|4.8[) . (|A.2[) (see Appendix O and the invariance of H under the action of ip s , 
we get 

As a consequence, we have that (Vv)s^i/ = Q„. □ 

From Proposition 13.51 the symplectic 2-form fl u on A v induces a Poisson struc- 
ture on V v . On the other hand, using Theorem IA.11 we have that V v is 
equipped with a reduced Poisson structure. The following result proves that these 
structures are the same one. 

Proposition 4.4. Under the same hypotheses as in Theorem \4-3\ the reduced Pois- 
son bracket {•, -} v on V v is just the one induced by the symplectic principal M-bundle 
(i v : A v V v . 

Proof. Let f v ,f' v be functions on V v and itf {v) <E V v , with v S (J v )~ 1 {v). Choose 
a 6 J~^(y) such that /u(a) = v. The bracket {•, •} is characterized by 

(*?(«)) = {/,/%(«) 

where /, /' G C°°(V) are arbitrary G- invariant extensions of /„ o ir^ and f v o 7r^f, 
respectively. 

Note that / o fj,, f o fj, g C°°(A) are G-invariant extensions of o 7r^ o /Uij-ifj,) 
and o 7r^ o jUi,/-!^), respectively. Applying Theorem IA.2I fsee Appendix |A"]) , we 
obtain that the Poisson bracket {•, -} A on A v induced by £l v may be expressed as 
follows 

iff ° Vv, f'u ° Ma„ ( 7r ^(«)) = {/ V)a («)• 
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Therefore, using (|3.2[) refered to \x and ^t„, we have 

{U, fl} Vu (tt^(w)) = {fv ° V>ui f'u ° Ma„ (o)) 

= {/ o/j,/'o ^ (a) = {/„, #}„ (t# («)). 
This proves that {/„, = {/„, □ 

4.3. The standard case. In this subsection, we want to apply the reduction pro- 
cedure to the standard symplectic principal R-bundlc fj, n : (T*M,CIm) V*n 
associated with a surjective submersion 7r : M — > K (see Section [2] and Example 
13. 2[) , where Qjvf is the canonical symplectic structure on T*M. 

Suppose that <fi : G X M — »• M is an action of a connected Lie group G on the 
manifold M. The lifted action T*cj> : G x T*il/ ->■ T*A/ is symplectic with respect 
to the standard symplectic structure J7m on T*M and it admits an Ad*-equivariant 
momentum map J : T*M — > q* given by 

(4.10) J(otx){0 = Je(dx) = Qx(U(i)). foranyCGfl 

where £m 6 X(M ) is the infinitesimal generator of </> associated with £. 

The following result gives a sufficient condition for T*<j> to be a canonical action 
on the standard symplectic principal R-bundle 

Proposition 4.5. Let -k : M — > R be a surjective submersion. Denote by fj, n : 
(T*M,£Im) — > V*ir the corresponding standard symplectic principal H-bundle and 
by T*(f> : G x T*M -> T*M the cotangent lift of an action (f> : G x M —> M of a 
connected Lie group G on M. If n is G-invariant, i.e. n o <p g = n for any g G G, 
then T*(f> is a canonical action on fj, % . 

Proof. Recall that the infinitesimal generator £t*m of the action T*<f> associated 
to an element £ of q is just the Hamiltonian vector field of the linear function 
6/ e C°°(T*M) associated with £ M e X(M). 

Moreover, since ttm ■ T*M — » M is equivariant with respect to the actions T*<fi 
and 0, the vector fields £t*M an d £m ar e 7Tm -related. Now, using that is the 
Hamiltonian vector field of the function — 7r o 7r/\/ and that n is G-invariant, we get 

Om(Ct»m,^) = ^ J1/ ( 7r ° tm) = Ct*a/(tt o 7r M ) = £m(tt) o 7t a/ = 0. 

Thus, = fijvf is basic. It follows also that 

[z^,Zt*m] = -[H n0VM ,n^ M ] = H{„ 0VM ,e M } T « M = 

for all £ S g. Since G is connected, the actions ^ and T*^ commute. □ 

Moreover, we note that if <j> is free and proper, so is (T*(f>) v 

The rest of the subsection is devoted to give sufficient conditions for the reduced 

symplectic principal R-bundle obtained from a standard principal M-bundlc to be 

again standard. We will use some well known results of the cotangent bundle 

reduction theory (see, for instance, [H]). 

Suppose that a connected Lie group G acts freely and properly on a manifold 

M. 

We assume that we have a G-invariant surjective submersion 7r : M — > R. Using 
Theorem 14.31 we obtain a reduced symplectic principal R-bundlc 

(ji*) v : ((T*M) U , (CIm)u) -> {V*k) v , 

where (T*M)„ = J- l {v)/G v and {V*n) v = {J v **)- l {v)/G v . 

On the other hand, since 7r is G-invariant, there exists a unique surjective sub- 
mersion 7rJ v : M /G„ — >• R such that 

(4-11) 7T* „ O TT M ,G U = T, 
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where we have denoted by ttm,g„ '■ M — > MjG v the z^-shape space. Thus, we may 
consider the corresponding standard symplectic principal R-bundle 

^ : {T*{M/G v ),n M/Gu ) -> V*irl v , 

£Im/g v being the canonical symplectic 2-form on the cotangent bundle T*(M/G V ). 

We will prove that, under a suitable hypothesis, the reduced symplectic principal 
R- bundle (jU^j, may be embedded into the standard symplectic principal R-bundle 
fj,„* , where the total space T*(M/G U ) will be equipped with the canonical sym- 
plectic form CIm/Gv deformed by a magnetic term. 

The magnetic term is defined as follows. Consider the action <j> v : G v x M — >• M 
deduced from (f> : G x M -> M. Its cotangent lift T*(f> v : G v x T*M ->■ T*M has an 
Ad*-equivariant momentum map J„ : T*M — > g* obtained by restricting J, that 
is, for a x G T*M, 

(4.12) J v {a x ) = J(a x ) la „. 

Let v' = v\ Bv G g* v be the restriction of v to g v . Since the actions are free and 
proper, v and v' arc regular values for J and J„, respectively. Note that the 
inclusion of submanifolds X : J _1 (j/) c -t J~ l (y') is a G„-invariant embedding. 
We will use the following assumption 

(MT) There exists a G„-invariant 1-form on M with values in J~ l (v'). 

In fact, if A : TM — > g is the connection 1-form associated with a principal connec- 
tion on the principal G-bundle itm,G '■ M — > M/G then A„ = vo A defines a 1-form 
on M which satisfies the condition (MT) (for more details, see |21j). 

Now, using that the 2-form dA„ is basic with respect to the projection ~km/G u i 
we deduce that there exists a unique closed 2-form ji\ u on M/G v such that 

n *M,G„PK = d V 

If we define the 2-form B Xv on T*(M/G V ) as 

where ttm/G v '■ T*(M/G U ) — > M/G v is the cotangent bundle projection, we may 
consider the corresponding standard symplectic principal R-bundle 

v : {T*{M/G v ),n M/Gv -B K ) -> V**$,u 

with magnetic term B\ u (see Example 13. 3p . The form B\ u is usually called the 
magnetic term associated with \ v . 

The main theorem of this section is the following one: 

Theorem 4.6. Let <f> : G x M — >• M be a free and proper action of a connected Lie 
group G on the manifold M and ir : M — > R a G-invariant surjective submersion. 
Let v G g* and v : M/G v — > R the surjective submersion obtained from tt by 
passing to the quotient. Choose a G u -invariant 1-form \ v G (M) with values in 
J' 1 {v'). Then there is a symplectic principal W-bundle embedding 

<p x „ : {T*M) V ^T*{M/G V ) 

between the reduced symplectic principal W-bundle {fX^v : ((T*M) v ,(Qm) v ) — > 
(V*w) v and the standard symplectic principals-bundle f/, n * : (T*(M/G v ),Q,m/G v ~ 
B\ v ) — > V*TTi v) with the symplectic structure modified by B\ v G fl 2 (T*(M/G u )), 
the magnetic term associated with \„. 

Moreover, ip\ v is a symplectic principal M.-bundle isomorphism if and only if 
= 3v (i n particular, if v = or G = G v ), where g v is the Lie algebra of G„. 
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Proof. Using the cotangent bundle reduction theory (see pQ for more details), we 
have that there is a symplectic embedding 

VK : (T*M)„^T*(M/G V ) 

which is an isomorphism if and only if g = g„. 

Now. we will prove that tp\ v is a principal R-bundlc morphism between v 
and v . 

Firstly, we suppose that G — G„. In such a case, ip\ u is the symplectic isomor- 
phism described as follows. Consider the map (p\ v : J -1 (^) — > T*(M/G) given 
by 

<P\ v (a x )(T x ir M ,G(Vx)) = {ot x - K(x))(v x ) 
for all a x € J _1 (^) fl T*M and v x e T X M. This map is invariant with respect 
to (j> : G x J _1 (f) — > J^fV). The corresponding quotient map from J~ 1 (is)/G = 
(T*M)„ to T*(M/G) is just p A „. 

Now, we prove that (p\ u is equivariant with respect to the R-actions ^, :Rx 
J~ l {v) -> J _1 (i>) and : R x T*(M/G) -)• T*(M/G), that is 

(4.13) i^a„ (Vv)« = (V'ttJ J s o ^a„, for any s e R. 
In fact, for all a x G J _1 (^) n T z M and v * G T^M 

[(^i*,J s ° ( ^Aj(a 2; )(T , x 7rA/ !G (u x )) = (oa - A^x))^) + stt^g^jXvx) 

where 77 = (71-^ )*(dt). From (|4~TT1) . we deduce (|4~T3")l . 

If 7r„ : J _1 (^) — » J~ l (y)jG v denotes the quotient map, from (|4.13[) and since 
VAt, ""1/ — ^a„ and 7r„ is equivariant with respect to the principal R-actions, we 
have that 

V?A„ o (C^ttWs 7T„ = ¥>A„ ° 7J"„ o (l/) 7r ) s = (VV* Js ¥>A„ ° 7IV, 

{i>i<) v : R x {T*M) V -4 (T*M)„ being the R-action on the reduced space (T*M)„ 
induced by Thus, using the fact that 7TV is surjective, we conclude that is 
a symplectic principal R-bundlc morphism in the case G = G v . 

Finally, suppose that v is an arbitrary element of 55*. Consider the action <j> v : 
G V X M -> M induced by Its cotangent lift T*<p u : G v x T*M ->■ T*Af is a 
symplectic action which admits an Ad*-equivariant momentum map J„ : T*M — > 
Ql given by gT2]). 

If 1/ = i>i Bu G g* then v 1 is a fixed point of the coadjoint action of G u , i.e. 
{G v ) v i = G v . Moreover, the G„-invariant embedding I : J~ x {v) '-t J^ 1 ^') de- 
scends to the quotient and we get 

(4.14) l: J-\v)/G v ^ J- x {y')IG v . 

Note that lis equivariant with respect to the R-actions ijj^ :RxJ~ 1 (z^) — > J^ 1 ^) 
and ipn : R x J~ l (y') — > J l 7 1 (^'). Thus, l is equivariant with respect to the reduced 
R-actions 

(^)„ : R x J-\v)/G v J-\v)/G v 

and 

(WV : R x J-\i/)IG v -> J-^t/yGu. 
On the other hand, J~ 1 (is)/G L , (resp., J~ 1 (i/')/G 1/ ) is the total space of the reduced 
symplectic principal R-bundle (fin)i' (resp., (fJt v )u') obtained from using the 
canonical action of G (resp., G y ) on T*M. Consequently, t is a symplectic principal 
R-bundle embedding. 

Now, using that {G v ) v i = G v and the first part of the proof, we have a symplectic 
principal R-bundle isomorphism 

ip Xul : {T*M) v i — > T*{M/G V ) 
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between the reduced symplectic principal R-bundlcs (fj.^)^ : ((T*M) v r, {£Im)v') — > 
{V*k) v , and ■ {T*{M/G v ),tt M/Gu - B K ) -> V*^ v . 

Composing i with tp\ , , we obtain the required embedding ip\ v . □ 

Under the same hypotheses as in Theorem 14.61 using (|3.5[) and (|3.7p . it follows 
that the Poisson structures on T*(M/G U ) and V*ir* l/ are 

At*(m/g„) +Px v and Ay.,. ( + 

respectively, where /3a„ is the restriction of to Vn\ v x V^ttJ „ . 

On the other hand, if ip\ : {V*Tt) v — > V*n* v is the corresponding embedding 
between the base spaces of the principal R-bundles, [a x ] £ {T*M) V and [a x ] G 
(V*7r)„, then from (|3. 10[) . we have that 

^W( P W G ')) = ( T K]( T * M )-)°©tt^, (M/Gi>)+ ^(T K] (T*M),), 

^rja.]^*^) - ( r [a.](^)v)° © (»A V ., ;/ ^ l (T [5i] (r ff ) I ,) ) , 

and the corresponding projectors 

Qfa.] : t ;,„k]( t *( m /^)) ( T [«j( rtf )")° 

Moreover, using Proposition 13.81 we conclude that 

Theorem 4.7. Under the same hypotheses as in Theorem \4-.6[ the reduced Poisson 
structures A„ and A„ on (T*M) V and (V*7r) v , respectively, are given by 

M[aJ)(^A„ a/ i>^L a 2) = (A r , ( M/G„) +^L)(VA„[aJ)(ai,a / 2 ) 

" (A r .(M/G„) +^J(VA„[Ox])(Q*a.]Oi,Q[a.]^) 

and 

A,([a :c ])((9 3 rjV' lJ (^)^) = (Av^ +^L)(¥'I[^])(^ J 4) 

- (Av. WlV +^J(^[«-])(?[k.]^»«f a . ] o / a)- 
foralla[,a' 2 e T; M (T*(M/G V )), a[,a' 2 e T*v [Sm] (V*^ v ) and[a x ] e (T*M)„, 
G (V7r)„. 

Example 4.8 (T/ie bidimensional time- dependent damped harmonic oscillator). 
(see [7] and references therein). This time-dependent mechanical system involves 
harmonic oscillators with time-dependent frequency or with time-dependent masses 
or subject to linear time-dependent damping forces. The configuration space is 
the manifold l 2 xl fibcrcd on R with respect to the surjective submersion pr 2 ■ 
R 2 x K — > K and the corresponding restricted phase space of momenta is V*pr 2 = 
T*R 2 x R. The Hamiltonian function H : V*pr 2 = T*R 2 xl = (M 2 x M 2 ) x R — !> R 
is given by 

H(q\q 2 , Pl ,p 2 ,t) = e -^{p\ + p 2 ) + Fimq 1 ) 2 + (q 2 ) 2 ) 

with cr, F : R ->• R real C°° -functions on R. 

We consider the action <f> : S 1 x (R 2 x R) ->■ (R 2 x R) of S 1 on R 2 x R given by 

faiq 1 ,q 2 ,t) = (g 1 cos 6> + g 2 sin 6^ -g 1 sin 6> + q 2 cos 6>,t), for fleS 1 

which is not free. However, if one restricts this action to (R 2 \ {(0, 0)}) x R = 
(S 1 x R+) x R, (j> is free and proper. Then, in order to reduce the system, we 



REDUCTION OF SYMPLECTIC PRINCIPAL K-BUNDLES 



IS 



consider the second projection 7r : (5 1 x R + ) x M — > R and the corresponding 
symplectic R-principal bundle 

fj,„ : T*(5 J x R+) xl 2 -> T*(5 J x R+) x R, (6,r,p e ,p r ,t,p) i-> {6,r,p 8 ,p r ,t). 

A direct computation proves that 7ro0 = 7r. Therefore, T*</> : 5 1 x (T*(S* 1 x R + ) x 
R 2 ) — ► T*(5 1 x R + ) x R 2 is a canonical action. On the other hand, we have the 
momentum maps J : T*(S 1 x R+) x R 2 — > R and j^*^ : T*(S 1 x R+) xM^l 
deduced from (|4.10[) whose explicit expressions are 

J(0,r,pe,p r ,t,p) =p e , J v * '(6,r,p e ,p r ,t) = p g . 
If v € R, then the corresponding level sets may be expressed as 

J" 1 ^) S 5 1 x T*R+ x R 2 , {J v ' 7T )- 1 {v) = 5 1 x T*R+ x R 
and, since the isotropy subgroup of 5 1 at v is again 5 1 , the reduced spaces are just 

j-^^/s 1 t*(r+ x r), (jv'^y^^/s 1 s t*r+ x r. 

Finally, the Poisson structure on (J v 7T )~ 1 (i/)/S 1 = T*R + x R is the one induced 
by the standard cosymplctic structure. 

Example 4.9 (The time- dependent heavy top), (see [20] and references therein). 
This system consists of a rigid body with a fixed point moving in a time-dependent 
gravitational field. 

The configuration space for this mechanical system is the product manifold 
50(3) x R fibered on R by the second projection n : 50(3) x R ->• R. More- 
over, the phase space of momenta V*ir may be identified in a natural way with 
(50(3) x R 3 ) x R using the left trivialization of T*SO{3). Under this identifica- 
tion, the Hamiltonian function H : (50(3) x R) x R 3 — > R is given by 

H((A,t),u) = ^(i-^.n) + (A^esMt)), 

where I : so (3) = R 3 — > so* (3) = R 3 is the inertial tensor of the body and 7 : R — > 
R 3 is the time-dependent gravitational field. 

Now, we consider the closed subgroup of 50(3) 

( / cos<9 sine \ ] 
#=< -sin^ cos(9 /6> e R I = 5 1 . 

IV 01/ J 

If {ei, e2,es} is the canonical basis of so (3) = R 3 , then the Lie algebra associated 
with K is just (e^). 

In addition, we take the action of K on T*(50(3) x R) = (50(3) x R) x (R 3 x R) 
given by 

<t>(A e ,(A,t),Il,p) = ((A e A,t),IL,p), 

with A g e K, A e 50(3), t e R and (II, p) e R 3 x R. This action is free and proper 
and 7r is invariant with respect to it. 

Let J : (50(3) x R) x (R 3 x R) -)■ R be the momentum map deduced from (|4T0|) 
whose explicit expression is 

J((A,t),U,p)=AU-e 3 . 

Now, for c6K, the isotropic subgroup K v is just 5 1 and the level set J^iy) is 

{((A,t),(U,p)) e (50(3) x R) x (R 3 x R)/AU-e 3 = v\. 

If we apply the cotangent bundle reduction using the principal connection A : 
T(50(3)) — > R given by \(A, v) = (Av) ■ e 3 , we obtain that the reduced symplectic 
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manifold J- x {v)jK v is diffeomorphic to T*(S 2 X R) = T*S 2 x R 2 . The explicit 
diffeomorphism J~ x {v)IH v ->• T*5 2 x R 2 is 

p,i),n, P )Hp- 1 e 3 )xn,(t,p)). 

Note that T£_i e 5 2 = {w £ R 3 /u ■ (^4 _1 e 3 ) = 0}. Moreover, the symplcctic 2-form 
on T*(S 2 x R) is f2s2 xR — ^7Tg 2 x r( w s 2 )' wnere f2s2 xffi is the canonical symplectic 
structure on T*(S 2 x R), 7r S 2 xR : T*(5 2 x R) — > S 2 x R is the canonical projection 
and uig2 is the symplectic area on 5 2 , i.e. 

u s »(x)(u,v) = -x-(ux v), Vx G 5 2 , w,u G T x 5 2 C T X M 3 = R 3 . 

On the other hand, on V*tt = (5*0(3) x R) x R 3 , the Poisson momentum map 
J y * 7r : (50(3) x R) x R 3 -> R is given by 

j x * v ((A,t),n) = An-e 3 . 

The level set (J y 7r ) _1 (i^) (respectively, the reduced space J v *(i/)/K„) is diffeo- 
morphic to (50(3) x R) x R 2 (respectively, to T*S 2 x R). In order to describe 
the Poisson structure on this reduced space, we consider the symplectic 2-form 
O = fl S 2 — vir* s2 {uis 2 ) on T*S 2 x R, where S 2 is the canonical symplectic struc- 
ture of T*S 2 and 7r S 2 : T*5 2 — > S 2 the canonical projection. Then, the Poisson 
structure on T*S 2 x R is just the Poisson structure induced by pr*(f2), where 
pri : T*S 2 x R — ► T*S 2 is the canonical projection on the first factor. 

5. Non-autonomous Hamiltonian reduction 

5.1. Non-autonomous Hamiltonian systems. In this section, we will extend 
the example in Section [2] for a symplectic principal R-bundle in the presence of a 
Hamiltonian section. Let fi : A — > V be a principal R-bundle with principal action 
ip : R x A — > A and infinitesimal generator Z^. 

It is well-known (see [TU] ) that there exists a one-to-one correspondence between 
the space of the sections of /x and the set {F G C°°(A)\ Z^F) = 1}. In fact, if 
h : V — > A is a section of /k, there is a unique function Fh : A — > R such that 

(5.1) a = ip (Fh(a),h(n(a))) , for any a G A. 

The following result will be useful in the sequel. 

Lemma 5.1. Let (i : A — > V be a principal R-bundle with principal action if) : 
R x A —> A and h : V — >• A a section of [i. Then 

(5.2) F h (h(v))=0, foranyveV, 

(5.3) F h (4'(s, a)) = s + F h (a), for any set, a G A. 

Proof. For any v G V, we have (see (15.11) ) 

M«) = ^(W(«))>MMM«)))) = ^WM^M"))- 

Thus, since if) is a free action, we deduce that Fh(h(v)) = 0. 
Moreover, from (|5.1|) . for any s G R and a G A 

(5.4) ^,a) = ^(F A Ws )( i)),MM^a)))) = V(F h (^(a,o)),fe(M(a))). 
On the other hand, using again (|5.1[) . it follows that 

(5.5) V(s,a)=V'(s,V(^(a),%(a)))) = V>( s + ^fc(o). fc(M<0))- 
Comparing (|5.4[) and (|5.5|) . we obtain (|5.3[) . □ 
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Using (|5.3|) . we deduce that ip*(dFh) = dFh, for any sel and since dFf l (Z fl ) = 1 
it follows that dFh ■ TA — > R is the connection 1-form of a principal connection on 
the principal R-bundle /i : A — > V (see |10j ). 

The horizontal subbundle associated with the principal connection is 

a e A h+ H h a = {X e T a A\X(F h ) = 0} C T a A 

and thus 

(5.6) T a A = H% © Vafi = H h a 8 (Z M (o)). 

Note that 

Th(^{a))KT ll{a) hoT a ^)(X) = (T a fjt)(X) 
and, moreover, from (|5.2j) 

{(T M<0 fcoT o /*)p0}(F h ) = 0. 

This implies that 

(T h Ma))^F h (a) ) ((l) l(a) ft o T» ( A) ) = A - X{F h )Z^ (a) 

and, therefore, the horizontal projector hor^ : T a A —> H% is given by 

(5-7) hor^X) = (T h{fi(a)) tp Fh(a) o T^ [a) h o 1»(A). 

Definition 5.2. A non- autonomous Hamiltonian system {A, //, fi, ft) is a symplectic 
principal R-bundlc /x : (A, f2) — > V endowed with a section ft : V — >• A of //, i.e. a 
smooth map such that o ft = jdy. 

The section ft : V — ► A is called the Hamiltonian section of the system. 

In this subsection we will prove that, given a non-autonomous Hamiltonian sys- 
tem [A, fj,, VL, ft), the base manifold V of the principal R-bundlc (J, may be equipped 
with a cosymplcctic structure. 

Proposition 5.3. Let (A, fi, f2, ft) be a non- autonomous Hamiltonian system. Then 
the Hamiltonian vector field %f h € 3£(A) o/ ifte function Fh associated to a Hamil- 
tonian section ft : V — > A is fi-projectable to a vector field IZh on V . 

Proof. Since the infinitesimal generator Z^ is locally Hamiltonian, for any a £ A, 
there exists a function r defined on an open neighbourhood U of a such that the 
restriction of Z^ to [/ is the Hamiltonian vector field of r. Using the definition of 
Fh, we have that on U 

{r,F h } A = -Hr(F h ) = -Z^(F h ) = -1, 

{v}^ being the Poisson bracket on A induced by the symplectic form f2. As a 
consequence, 

£z tl H Fh = [H T ,H Fh ] = -%{ T ,F h } A = 0. 
Thus, the Lie derivative of Hf k with respect to any vertical vector field is again 
vertical. This is a sufficient (and necessary) condition to ensure the /i-projectability 
oiH Fh . □ 

The /x-projection Tth of %f h is a vector field on V, which describes the Hamil- 
tonian dynamics of the non-autonomous Hamiltonian system (A, /i, f2, ft), as we will 
see in what follows. 

Proposition 5.4. Let (A, fj,,fl,h) be a non- autonomous Hamiltonian system. If 
LUh G fl 2 (V) and rjh £ VI 1 {V) are defined by 

(5.8) u) h = h*n, % = -h*(i Zll Q), 
then 

(5.9) O = Li*uj h - dF h A fi*Vh 
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and 

(5.10) n*r] h = -izS 1 - 

Proof. First of all, wc will see that (|5.10[) holds. It is clear that 

(5.H) = -(%S1)(2„) = 0. 

On the other hand, from (|5 . 7[) and since /i o ip s = \i and fx o h = id, it follows that 

(M*%)(a)(har£pr)) = -[^(i z ^)]( M (a))((T aM )(X)), 

for aei and X £ T Q A 

Thus, since -0 is a symplectic action, we obtain that 

//(%)(a)(hor£(X)) = -(i^O)(a)(hor£pO). 

This, using ([BTS]l and ([BTTTjl , proves (|5TTU]) . 
Next, we will see that (|5.9p holds. 
From (|5.10[) , we deduce that 

(5.12) i Zli n = i Zli (lx*uJh-dF h AiJ,*ri h ). 

On the other hand, using (|5.7[) and (|5 . 8[) and the fact that ip is a symplectic action, 
we have that 

n(a)(hor^(X),hor^(y)) = ( M *^)(a)(X,y) 

(5-13) = (p* Uh )(a)(b^(X),bor*(Y)) 

= (p*tu h - dF h A M *r// 1 )(horl 1 (X),horl i (F)) 

for a e A and 1,7 e T a A 

Therefore, from ([53]) . (j5~T2"j) and ([5TT3"j) . we deduce ((SU). □ 

Now, we may prove the following result. 

Theorem 5.5. Let (A, /i, Q, /i) 6e a non- autonomous Hamiltonian system with in- 
finitesimal generator Z^. If iOh and rjh are the 1-form and the 2-form respectively, 
on V defined by (|5.8[) . then {V,ujh,ilh) is a cosymplectic manifold. The Reeb vector 
field of the cosymplectic structure on V is just IZh ■ 

Proof. From (|5.9[) and (|5.10p and since f2 is closed and Cz t M = 0, we deduce that 
LOh and r]h are closed. 

Now, using (|5.10[) and Proposition 15.41 we have that 

(5.14) r, h (Tl h ) = (fi* Vh )(U Fh ) = (% Ffc O)(Z M ) = 1. 
On the other hand, from (|5.9|) and Proposition 15.41 it follows that 

H*(in h Uh) = in Fh (^ + dF h A n*Vh)- 
Thus, using (|5.14[) . wc obtain that fx*(i-jz h ujh) = which implies that 

(5.15) i-R, h Uh = 0. 

Next, suppose that dim A = 2n + 2. Then, from (|5.15p . we deduce that rank(w/ 1 ) < 
2n. Therefore, using (|5.4[) . it follows that 

^ n n+1 = c{p*io h ) n A dF h A n*r) h , with eel, c ^ 0. 

Consequently, the rank of fi*ujh is 2n and we have that 

(5.16) rank lu^ = 2n. 

Conditions ([5~l"4"|) . ([5T3|) and ([5~TB|) imply that r) h A ^ 0. □ 
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The cosymplectic structure (u)h>Vh) on V defined on the base manifold V of a 
non-autonomous Hamiltonian system (A, fx, £1, h) induces a Poisson structure {•, -} h 
on V. On the other hand, as we know (see Proposition 13. 5[) . V is equipped with a 
Poisson structure {•, -} v in such a way that /x is a Poisson map. The next result 
shows that the Poisson brackets {•, -} h and {•, -} v are equal. 

Proposition 5.6. Let (A, /z, H, h) be a non- autonomous Hamiltonian system, {•, -} h 
the Poisson bracket on V associated with the cosymplectic structure ((Jh.,r]h) and 
{•, -} v the Poisson bracket on V induced by the symplectic principals-bundle struc- 
ture. Then, {-,-} h = {-,-} v . 

Proof. Fix a real C°°-function / on V. It is sufficient to prove that the Hamiltonian 
vector field Xf on V with respect to the Poisson bracket {•, - } v is equal to the 
Hamiltonian vector field of / with respect to the cosymplectic structure (u>h,r]h). 
Note that, since fi is Poisson map, it follows that the Hamiltonian vector field 
Hfo/i G %(A) is ^-projcctable and its projection is just Xf. Thus, from (|5.10[) . we 
have 

(5.17) Vh(X f ) = fi*Vh(n f0l d = -iz^{U fop ) = ZyfJ o n) = 0. 

On the other hand, using that Hf h is /i-projectable on IZh, we deduce that 

K h (f)=H Fh (f°v) = -dF h (H f0 „). 
Now, from (jS3|) and (fSTTT)) . it follows that 

(i Xf uj h ){n(a))(T a ij,(Y)) = (iJ,*ui h )(a){Ufo^(a),Y) 

= n(o)(W /oM (o),y) + (dF h A ^Vh){a){Uf 0lt (a),Y) 
= (d(/ o M ))(a)(y) + (dF h )(a)(H f oMKv*Vk)(a)(Y) 
= (df-H h (f)vh)Ot{a))(T a ft(X)), 
for all Y G T a A, with a G A. Therefore, 

ixfUh =df - 1Z(f)r) h . 
This ends the proof of the result. □ 

In what follows, we will prove that the integral curves of the vector field IZh 
satisfy local equations which are just the Hamilton equations. For this purpose, we 
will use canonical coordinates on the symplectic principal M-bundle /j, : (A, 0) — > M 
(see Theorem l3~i]) . 

Let (t,p, q l ,pi) be canonical coordinates on A. Suppose that the local expression 
of the Hamiltonian section h : V —> A is 

h(t,q l ,pi) = (t, -H(t, q 3 ,Pj),q v , Pi) , 

where H is a local function on V. Then, Fh : A — > M. may be described locally by 

F h (t,p,q\pi) =p + H(t,q l ,pi). 

Since (t,p, q l ,Pi) are Darboux coordinates for the symplectic form fi on A, we have 
that 

d dH d dH d dH d 
— -|- 

h dt dt dp dpi dq 1 dq 1 dpi ' 

_ d dH d dH d 

dt dpi dq 1 dq 1 dpi 

Finally, the cosymplectic structure (w/j,^) on V is locally described by 

dH dH 
uJ h = -TT-dt A dq 1 - -^—dt A dp, + dq 1 A dpi, r) h = dt. 
dq' dpi 
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Thus, a curve on V with local expression 

t ^ (t,q\t) lPl {t)) 

is an integral curve of IZh if and only if it satisfies the Hamilton equations 

dq l _ dH dpi _ dH 
dt dpi ' dt dq 1 

Therefore, in the particular case when fx is the standard principal R-bundle associ- 
ated with a fibration n : M — > K, we recover the results in Section [2] 

5.2. Non-autonomous reduction Theorem. In this subsection we will obtain 
a reduction theorem for non-autonomous Hamiltonian systems. 

Let fi : (A, f2) — > V be a symplectic principal R-bundle with infinitesimal gener- 
ator and <fi : G x A — >• A a canonical action of a Lie group G on the symplectic 
principal R-bundle fi : (A, Q) — > V. Denote by (f> v : G x V — > V the corresponding 
action on V. 

Now suppose that h : V — > A is a Hamiltonian section of fx. 

Definition 5.7. The Hamiltonian section h is said to be G-equivariant if h is 
equivariant with respect to the actions 4> and (f> v , that is, 

(5.18) ho^ = <t> g oh, for.geG. 

Note that, if h : V — > A is a Hamiltonian section of a principal R-bundle, then, 
from (|4.4p and (|5.ip . we have that 

(5.19) fl (o) = 1;(F h (<l> g (a)),h(<%(»(a)))), 

for any oG A and g G G. On the other hand, applying (f> g to the two sides of (|5.I[) 
and using (|4.ip . we obtain 

(5.20) <t> g {a)=^{F h {a),<t> a {h{ti{a)))). 

Comparing (|5.I9[) and (|5.20p . one may deduce that a Hamiltonian section h : V — > 
A is G-equivariant if and only if the corresponding function Fh is G- invariant, 
i.e. Fh o (f> g = i 7 ^ for any g £ G. 

Proposition 5.8. If h : V —> A is a G-equivariant Hamiltonian section, the in- 
duced action (j) V : G x V — > V is a cosymplectic action with respect to the cosym- 
plectic structure (ujh,Vh) on V defined by h. 

Moreover, if J : A — > g* is a momentum map with respect to the action <f>, then 
the induced momentum map J v : V — > g* is such that TZh{J^) = 0, for any £ G g. 

Proof. From the equivariancc of h and the G-invariance of f2 and iz ^, we have 
that cj)^ preserves the forms u>h and r/h, for any jgG. Thus, 4> v is a cosymplectic 
action. Moreover, for any £ G g we have (see (|4.5|l ) 

^ h (J c y ) - H Fh (J 5 y o fx) = u Fh {Jd = -n, h (F h ) = -u(Fh) = o, 

£a being the inhnitcsimal generator of cj> defined by £. The last equality follows 
from the G-invariance of Fh ■ □ 

Now, we may reduce the non-autonomous Hamiltonian system. Let (A, fi, f2, h) 
be a non-autonomous Hamiltonian system equipped with a canonical action <f> : 
G x A — > A of a Lie group G on the manifold A with an Ad*-equivariant momentum 
map J : A —> g* . Suppose that the induced action (j) V : G x V — > V on V is 
free and proper. Let v be an element of g* . Then we induce a free and proper 
action 4> v : G x (J v ) _1 (i/) -> (J y ) _1 (^) of G on (J 17 )- 1 ^) and we may apply 
Albert's Theorem (see Theorem IA.3I in Appendix Thus, we may reduce the 
cosymplectic manifold (V, u>h, rfh) for obtaining a reduced cosymplectic manifold 
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(V v , {u>h) v , (Vh)v), where V v is the quotient manifold (J v ) 1 (v)/Gy and (uih)v, 
(Vh)u are the 2-form and 1-form on V v characterized by 

(5.21) {^r^ h ) v = (o* WhJ {*Ynm)u = {%yvh 

irY : (J v )~ 1 (v) — > V v and ijf : (J v )~ 1 (v) V being the canonical projection and 
the canonical inclusion, respectively. 

On the other hand, from Theorem l4.3l we obtain a symplectic principal R-bundle 
fly : (Ay, f2„) — > V u with infinitesimal generator Z^ u . We recall that the restriction 
of Z^ L to J _1 (v) is tangent to J _1 (v) and that Zp,\j-xi v \ is 7iV-projectable on Z^. 
Moreover, using (|4.5p and (|5.18p . we have that h restricts to a G„-invariant map 
h : (J v )^ 1 (v) — > J~ l (v). Therefore, h induces a smooth map h v : V v — > Ay 
characterized by 

(5.22) hy O 7T^ = TTy o h. 

The function hy is a section of fiy, so hy is a Hamiltonian section of the symplec- 
tic principal ]R-bundle /i„ : A v V v and (A v ,fiy,VLy,hy) is a non-autonomous 
Hamiltonian system. 

A direct computation, using (|4.7[) . (|4.8p . (|5.ip and (|5.22|) . shows that the function 
Fh v on Ay = J~ 1 (v)/Gy is characterized by the following condition 

(5-23) F hu o Hy = F h \j-i( v y 

Thus, Fh„ may be obtained from Fh by passing to quotient. 

Moreover, from Theorem 15.51 (V v , (y>i/)h v i (V")h v ) is a cosymplcctic manifold 
whose structure is given by 

(5-24) (u v ) K = hlQ v , (r]y) hi , = -K(i Ztlu n u ). 

Theorem 5.9. Let (A, /x, fi, h) be a non- autonomous Hamiltonian system and 4> '■ 
Gxi->4 be a canonical action of G on A such that the induced action on V is 
free and proper. Suppose that J : A — > q* is an Ad* -equivariant momentum map. If 
h is G- equivariant, then, for any v £ q* , the cosymplectic structure ((ujy)h„, (Vv)h„) 
on Vy induced by the reduced non- autonomous Hamiltonian system (Ay, [i v , fly, hy) 
is the one deduced from Albert's reduction of the cosymplectic structure (uih,^) on 
V . In other words, 

(5-25) (^i/)/i„ = (u h ) v , (ny)h v = (Vh),y 

In particular, the dynamics TZh^ of the reduced non- autonomous Hamiltonian sys- 
tem is just the irY -projection of the restriction to (J v )~ 1 (v) of the dynamics TZh of 
(A, n, n, h) . More precisely, 

(5.26) Tl hv (^(v)) = T v ^(K h (v)), for any v G (J V )-\v). 

Proof. In order to show (|5.25D . we will prove that the 2-form (uiy)h„ and the 1-form 
Mh v satisfy condition ([5T2Tj) . In fact, ifv G ( J v )- 1 (v) andA,F e T v ((J v )- l (v)), 
then, using (|5.22p and (I5.24p . we have that 

((Tr^rMO (v)(X,Y) = (uy) hv (^(v))(T v ^(X),T v ^(Y)) 

= Q v (7ry(h(v))) (T h{v) K v (T v h(X)),T h{v) Hy(T v h(Y))) 

= (itn)(h(v)) (T v h(X),T v h(Y)) = (i*u h )(v){X,Y). 

Thus, (■K v r )*(ujy)h v = iybJh- Moreover, using again (|5.22p and (|5.24p , wc deduce 
that 

((^TMk)(v)(X) = (K( iz ^y)) (^(v)) (T V ^(X)) 

= - {iz^y) (Hy(h(v))) (T h(v) Ky(T V h(X))) 

= - (h(v))(T v h(X)) = (i*Vh)(v)(X). 
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Therefore, (nY)*(Vu)h u = itVh- □ 

Note that another way to obtain (|5.26[) is to use (|5.23[) . In fact, since %F h 
(respectively, T-Lf h ) is ^(-projectable (respectively, /i^-projectable) on IZh (respec- 
tively, TZh v ), using (|A.2p . we have that 

KhA^iv)) = T„ v ^n v (H Fhiii (i[ v (a))) = T Wv ^fj, u (T a ir v (H Fh (a))) 

= T^a)^ (T a n{%F h { a ))) = T ii(a)nY{1l h (v)), 

for any v = /i(a) G (J y ) _1 (^). 

Example 5.10 (The bidimensional time- dependent damped harmonic oscillator). 
Using the same notation as in Example l4.81 we have that the extended Hamiltonian 
function F h : T*(S 1 x E+) x K 2 -) I is given by 

e o-(t) 1 

F h (6,r,p e ,p r ,t,p) = —(p 2 r + ^p 2 e ) + F{t)r 2 +p. 

Since Fh is T* ^-invariant, we may reduce the non-autonomous Hamiltonian system 
(T*(S 1 x R + ) x M 2 , fj, w , fl, h) at v G R. The reduced homogeneous Hamiltonian 
system F K : T*(R+ x K) -> R is given by 

e °-(*) / j/2\ 
F K ((r,t),(p r ,p)) = — [Pr + ^z J +F(t)r 2 +p. 

Finally, the reduced dynamics is described by the cosymplectic structure (_(u>h)v, (j]h)u) 
and the vector field Kh u on T*R+ x R 

w h „ = dr A dp r + ^2F(i)r - e' T(t) ^ dr A dt + e° [t) p r dp r A dt, r) hu = dt, 

Example 5.11 (The time- dependent heavy top). Using the same notation as in 
Example 14.91 we have that the extended Hamiltonian homogeneous function Fh : 
(SO (3) x R) x (R 3 x R) ->• R associated with this system is 

F h ((A,t),IL,p) = ^(I-'n.n) + {A- X e^(t)) +p. 

When one applies the reduction process at the level v = 0, we obtain the reduced 
Hamiltonian homogenous function Fh : T*S 2 x R 2 — > R which is the restriction to 
T*S 2 x R 2 of F ho ■ R 3 x R 3 x M 2 -> R 

Fh„((q,P q ,t,p)) = \{l^(p q x g),(p, x g)) + (g,7(*)) + P- 

In fact, the equations defining to T*S 2 as a submanifold of T*R 3 = R 3 x R 3 are 
\\q\\ 2 — 1 = and q ■ p q = 0. So, any extension of Fh has the form 

Fh (q,Pq,t,p) = F ho (q,p q ,t,p) + \(q ■ p q ) + fi(\\q\\ 2 - 1), 

where A and [i are the Lagrange multipliers which we must determine. Then, the 
Hamilton equations for this Hamiltonian function with initial condition on T*S' 2 xl 
are 

q = qxl- 1 (p q x q) + \q 

< Pq = Pq X i~ 1 (Pq * 0) ~ 7 W ~ >^Pq - 2fJ,q 
t = 1 

V 
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with (q,p q ) G T*S 2 . Since q ■ q — and p q ■ q + p q ■ q = 0, then 
q = gxH(p ? Xg) 
p g = p g x I -1 (p a x g) - 7 (t) + (q,j(t))q 
i = 1 

The solutions of these equations are just the integral curves of the Reeb vector field 
associated with the cosymplectic manifold T*S 2 xl equipped with the cosymplectic 
structure (Q S 2 + dH A dt, dt) on T*S 2 x R, where H : T*S 2 x R -> R is given by 

Ho(q,P q ,t) = ^(l^iPq x x g) + (q,j(t)}. 

Note that if I = 7<i and 7(4) = then the corresponding reduced Hamilton 
equations are 

q=Pq, Pq = -\\q\\ 2 Q, i = l 
or equivalcntly q = — \\q\\ 2 q and t = 1. Therefore, the geodesies of the standard 
metric of S 2 x R are just the solutions of the previous equations. 

6. Another Example: the frame-independent formulation of the 
analytical mechanics in a newtonian space-time 

The Newtonian space-time is a system (E, r, g) where E is an afhne space mod- 
elled over the n-dimcnsional vector space V, r is a non-zero element of V* and 
g : Vo — >• V^* is a scalar product on Vb = kcrr. Let Vi be the afhne subspace of 
V dchned by the equation t(v) = 1. An element of V± may be interpreted as the 
family of inertial observers that move in the space-time with the constant velocity u 
(see [IS])- We will denote by i : Vo ->• V inclusion and by g' — i o g^ 1 o i* : V* — > V 
the contravariant tensor on V defined by g. 

If u is a fixed inertial frame, the homogeneous Hamiltonian function on T*E ~ 
E x V* is given by 

H u (x,a) = a(u) + - — a(g'(a)) + fix), for any x 6 E, a G V*, 
2m 

where </j : E — > R is the potential. The aim of this section is to describe a frame- 
independent formulation of the dynamics and describe how a reduction procedure 
may be applied in the symplectic principal R-bundle setting. 

Consider the following equivalence relations on V\ X E X V* and V\ x E x V * , 
respectively 

(u, x, a) ~ (u', x , a') x = x and a' = a + mo~(u, u') 

(u, x, a) ^0 ^ j ot) & x — x and a' = a + mg(u — u), 

for any (u, x, a), («', x', a') E Vi x E x V* and (m, x, a), (u', x', a') £ V\ x E x V *, 
where a : V\ x V\ — > V* is the map defined by 

<j(u,u')(v) = g(u — u') — t(v) — — ^ , DeK 

Then, one may easily prove that the quotient space P = (Vi x £ x V*)/ ~ is an 
affine bundle over E modelled over the vector bundle E x V* —> E. Moreover, if 
u G V\ is fixed, there exists a unique symplectic form D, on P such that the map 
Q u : T*E = E x V* —> P given by u (x, 7) = [(u, x, 7)] is a symplectomorphism, 
where E 1 x V* ~ T*i^ is equipped with the canonical symplectic 2-form. If u' G V\ 
then, since 0" 1 o O u , : T* E ^ T* E is just the translation by the constant 1-form 
a(u', u), doesn't depend on the choose of u. On the other hand, we may consider 
the action t|i:KxP^P and the projection /1 : P — > Pq given by 

V»(s, [u,x, a]) = [u, x,a + st], p,[u, x, a) = [u, x, ct\ Vo ], 
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where P is the quotient space (Vi X E X V *)/ ~ . Then, \i : (P,fl) -> P is a 
symplectic principal R-bundle and the principal action of 1 on P is just tp. 
Consider the following Hamiltonian section h : Pq —> P 



h[u, x, a] 



u,x,aoi u - (^— a (g 1 (a)) + (p(x)j 



where i u : V — > Vq is the projection v <-> v — t{v)u. Note that the correspond- 
ing function Fh : P — > R is just the homogeneous Hamiltonian function, that is 
Fh[u, x, a] = H u (x, a). Thus, (P, /i, f2, h) is a non-autonomous Hamiltonian system 
(Frame-independent dynamical system in a Newtonian space-time). 

Now, we will introduce a symmetry in the system: let G a subgroup of the group 
of the affine transformation of A. Suppose that for any Jl £ G, where L : V — >• V 
is the corresponding linear map, we have that 

L*t = t, L|y preserves g and (p o f L = ip. 

Moreover, we will suppose that g C Aff(E, Vq). Then, wc may consider the action 
c/):GxP^P defined by 

if Li [u,x,a]) i-> [Lu,f L (x), (i _1 )*a]. 

A straightforward computation shows that (f> is a canonical action on the symplectic 
principal K-bundlc /j. Finally, we will suppose that the induced action (j> p ° : G x 
Pq — > Pq is free and proper. If not, one may restrict to a subset of E (supposed 
open) and repeat the proofs. For any reference frame u £ Vi, one may consider the 
momentum map J u : P — > g* defined by 

J u ([w, x, a}) = (a — ma(u, w)) for any [w, x,a] S P and £ £ g, 

where £e G X(E) is the infinitesimal generator of the natural action of G on E and 
we are identifying T X E ~ V . Then, one obtain the following result 

Theorem 6.1. Under the previous hypotheses, if v € g* and u G V\ are fixed, a 
reduced symplectic principal R-bundle [i v : (P„, f2„) — > (Pq)v and a reduced Hamil- 
tonian section h v : (Pq) u Pi> are given, where 

P v - J-»/G„, (Po), = (Jl°Y\v)IG v . 

Here, : Pq — > g* is the momentum map for the Poisson action of G on 
P = (Vi x E x V *)/ ■ 

7. Conclusions and future work 

A reduction process for a symplectic principal M-bundles has been described in 
this paper. In particular, we discuss the case of the standard symplectic principal 
R-bundle associated with a fibration over the real line. Finally, we consider the 
reduction of a non-autonomous Hamiltonian section on a symplectic principal K- 
bundlc. In order to do this, we have obtained previously a cosymplectic structure 
on the base space of the principal R-bundle. 

Along the paper, we assume the regularity of the canonical action on the symplec- 
tic principal R-bundlc. Then, one may ask if a similar construction holds if we relax 
this assumption in order to include other examples (see, for instance, Example l4.8[) . 
We expect that well-known methods on singular reduction (see [31 [51 [UJ dpj [27] ) 
could be applied in the time-dependent setting. We remark that this reduction 
process could be not functorial, in the sense that a more general object (as, for 
instance, a suitable map between stratified spaces) could be needed. 

Moreover, it would be interesting to develop the procedure of the reconstruc- 
tion in the symplectic principal R-bundle framework. The aim is to obtain the 
dynamics of a symmetric non-autonomous Hamiltonian system on a symplectic 
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principal K-bundle from the reduced dynamics. Classical techniques on symplectic 
reconstruction (see [22]) could be used. 

On the other hand, suppose that a canonical action of a connected Lie group 
G on a symplectic principal K-bundle is given and that G has a closed normal 
subgroup H . A goal could be to realize the reduced principal R-bundle in a two 
step procedure: first reducing by H and then by an appropriate Lie group which is 
related with the quotient group G/H. It would be interesting to discuss this proce- 
dure which is called reduction by stages (for reduction by stages in the symplectic 
framework, see [21]). 

Appendix A. Poisson reduction theorems 

In this Appendix, we recall some well-known results about Poisson reduction in 
presence of a momentum map (for more details, see [TJ [21 [T7J [T51 dU [531 HH HI])- 

Let (f> : G x M — > M be an action of a Lie group G on a Poisson manifold 
(M, {-,•})• The action cf> is said to be a Poisson action if <f> g : M — > M is a Poisson 
map for any g G G. In such a case, a smooth map J : M — )• g* from M to the dual 
space g* of the Lie algebra g of G is said to be a momentum map if the infinitesimal 
generator £m of the action associated with any £ £ g is the Hamiltonian vector field 
of the function : M — >• R defined by the natural pointwise pairing. Moreover, J 
is said to be Ad* -equivariant if it is equivariant with respect to the action <f> and 
to the coadjoint action Ad* :GxgMg*, i.e. 

J(cf> g (x)) = Ad*-i(J(a;)), for any x G M. 

Note that, if </> : G x M —> M is a free and proper action and ^ is an element 
of g*, then v is a regular value of J (see for example [3T], pag. 8-9). Therefore, 
J~ x (y) is a closed submanifold of M. Moreover, if G v denotes the isotropy group 
of v with respect to the coadjoint action, i.e. 

G v = {g e G : Adji/ = 

then induces a free and proper action 

of G,y on the submanifold J _1 (^). 

In addition, we have the following result 

Theorem A.l (Poisson reduction Theorem, 23 ). Let </> : G x M — > A/ 6e a 

/ree and proper Poisson action of a Lie group G on a Poisson manifold (A/, {-, •}). 
If J : M —> q* is an Ad* -equivariant momentum map associated with <p and v g g* , 
then the reduced space M v = J _1 (^) /G v is a Poisson manifold with Poisson bracket 
{•, ■} characterized by 

(A.l) {Pu,t v } v (ttu(x)) = {p,t}(x), for any p v ,r v eC°°(M v ), 

where -K y : J _1 (^) — > M v is the canonical projection and p,T G C°°(M) are arbi- 
trary G-invariant extensions of p v o ix v and t v o tt u , respectively. 

Note that, if p is a G-invariant function on M and is the function on M„ such 
that p v o 7r^ = then the restriction to J _1 (^) of H p is tangent to J~ x (v) 

and 

(A.2) T x tt u {H p {x)) = H Pv (ir u (x)), for all x G J" 1 ^)- 

The symplectic version of the Poisson reduction Theorem is the well-known 
Marsden-Weinstein reduction theorem. In this case, we will assume that the Poisson 
action is symplectic. 
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Let 4> : G x M — > M be an action of a Lie group G on a symplectic manifold 
(M, fi). The action <f> is said to be symplectic if <t> g : M — > M is a symplectic map 
for any g £ G. 

Theorem A. 2 (Marsden-Weinstein reduction Theorem, [24]). Let <j> : G x 

M — > M be a free and proper symplectic action of a Lie group G on a symplectic 
manifold (M, 0). If J : M — > g* is an Ad* -equivariant momentum map associated 
with (j) and c£g*, then M v = J (y)/G v is a symplectic manifold with symplectic 
2- form f2„ characterized by 

ir*fl v = i* v n, 

where it v : J~ x (v) — > M u is the canonical projection and i v : J -1 ^) M is the 
canonical inclusion. 

In fact, the Poisson structure associated with Cl v is just the reduced Poisson 
structure obtained by Theorem lA.il (see |23|). 

Other interesting examples of Poisson manifolds are the cosymplectic manifolds. 
For this type of structures, Albert ([5]) obtained a cosymplectic reduction Theorem. 
We recall that a cosymplectic structure on a manifold M 2n+1 of odd dimension 2n+l 
is a couple (w, rj), where a; is a closed 2-form on M and r\ is a closed 1-form on M 
such that ?/ Aw™ is a volume form. If (w, if) is a cosymplectic structure on a manifold 
M then there exists a unique vector field 1Z on M, the Reeb vector field, satisfying 
the conditions 77^,0; = and inV = L On the other hand, the Hamiltonian vector 
field H T associated with a function r : M — > M is characterized by 

(A.3) = dr - ft(r)?7, V (H T ) = 0. 

An action <f> : G x M — > Af of a Lie group G on a cosymplectic manifold (M , oj, rf) 
is said to be cosymplectic if </> s : M — > M preserves the cosymplectic structure, for 
any g E G. 

Theorem A.3 (Cosymplectic reduction Theorem, [5]). Let <f> : G X M — > 

M be a free, proper and cosymplectic action of a Lie group G on a cosymplectic 
manifold (M,u),rf). Suppose that J : M Q* is an Ad* -equivariant momentum 
map associated with <f> such that 

TZ(J^) = for any £ S q, where 1Z is the Reeb vector field of M. 

Then, for any v £ g* , M v = J~ 1 (v)/G u is a cosymplectic manifold with cosym- 
plectic structure (u>„,r]v) characterized by 

(A.4) 7r*w„ = i>, tt^ = i*r), 

where 7r„ : J (y) — > M v is the canonical projection and i v : J -1 ^) M> M is the 
canonical inclusion. 

Moreover, the restriction 7?.|j-i(„) of 1Z is tangent to J (y) and Tt v -projectable 
on the Reeb vector field 1Z U of M v . 

Using (|A.3[) it's easy to show that, if p is a G- invariant function on M and p v is 
the function on M„ such that p v o 7r, y = p\j-^u,\, then the restriction to J~ x (v) of 
Hp is tangent to J _1 (^) and 

(A.5) T x ir„{H p (xj) = H Pu {-k„{x)), for all x £ J" 1 ^). 

This relation is formally the same of (|A.2|) . This fact suggests that the Poisson 
bracket induced by the reduced cosymplectic structure is just the reduced Poisson 
bracket. In fact, as in the symplectic case, we have the following result 

Proposition A.4. Under the same hypotheses as in Theorem \A.S\. the Poisson 
bracket associated with (w^,^) is just the reduced Poisson bracket {•, •} deduced 
from Theorem \A.l\ 
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Proof. Denote by {•,•}„ (resp. {■,■}'„) the Poisson bracket on M v obtained from 
Theorem [23] by reducing the Poisson bracket {•, •} on M (resp. induced by the re- 
duced cosymplectic structure t] v )). Let p u ,T v £ C°°{M V ) and p, r be arbitrary 
G-invariant extensions of p v o "k v ,t v o 7r„ respectively. Then, for any x £ J~ 1 {v) 1 
using (jA.ip and (|A.5[) we have that 

{Pu,T u } v (n„(x)) = {p,T} (x) = Hr{x){p) = H Tu (Kv(x))(Pv) = {Pu,Tu}' v (^O))- 

Since ir u is surjective, {■, •}„ = {•, -} u . □ 
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